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Abstract 



We investigate the Penrose limit of various brane solutions including Dp-branes, 
^ \ NS5-branes, fundamental strings, (p, q) fivebranes and (p, q) strings. We obtain 

5h \ special null geodesies with the fixed radial coordinate (critical radius), along which 

the Penrose limit gives string theories with constant mass. We also study string 
theories with time-dependent mass, which arise from the Penrose limit of the brane 
backgrounds. We examine equations of motion of the strings in the asymptotic flat 
region and around the critical radius. In particular, for (p, q) fivebranes, we find 
that the string equations of motion in the directions with the B field are explicitly 
solved by the spheroidal wave functions. 



1 Introduction 



The Penrose limits |^ of backgrounds of the M theory and type II superstring theories 
are useful for studying the holography between string theories and conformal field theories 
@, ^ . This is based on the fact that the type IIB Green-Schwarz superstring on the pp- 
wave background is solved exactly in the light-cone gauge ^f. 

Superstring theories on various pp-wave backgrounds have been studied. It would 
be quite interesting to study nonconformal or nonlocal field theories in this framework 
0, |, g [ig, |n], ig g. Recently, the Penrose limit of the Pilch- Warner solution []T§ 0, |r§ 
and the Dp-brane background in the near-horizon limit |jl5| has been investigated from the 
viewpoint of the holographic RG flow. In order to study string theories in such nontrivial 
backgrounds, one must solve string theory in a time-dependent background. Previous 
attempts to study the string theories on the solvable plane wave background can be seen 
in refs. [0, [19], |21|. Recently, a solvable model based on = 2 supersymmetric 
sine-Gordon model was proposed by Maldacena and Maoz [E^ . 

The purpose of this paper is to investigate the solvable string theories in the pp-wave 
background with time-dependent mass. We study the Penrose limit of various brane 
backgrounds including Dp {p < 6) branes, the NS5-branes and the fundamental strings. 
We also investigate the Penrose limit of the {p, q) fivebranes and the {p, q) strings, which 
are obtained by applying the SL{2, Z) symmetry of type IIB superstrings. 

In the present work, we do not restrict our analysis to the near- horizon limit. The 
string theories on the Penrose limit of brane backgrounds include some interesting features. 
When we consider the Penrose limit along the generic null geodesic, we have the fiat space 
at infinity. String theories on this background have time-dependent masses, which vanish 
in the asymptotic region. We are also able to find special null geodesic for each brane 
solution such that the radial transverse coordinate from the brane is fixed. The Penrose 
limit along this geodesic with such a critical radius gives rise to the Cahen-Wallach space, 
on which string theories have constant masses in the light-cone gauge. This type of 
solution has been recently studied by Oz and Sakai ||2^ in the case of near-horizon limit 
of {p, q) fivebranes. 

We study the equations of motion of bosonic strings in the plane wave background with 
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time-dependent masses, which reduce to the second-order ordinary differential equations 
with respect to the radial transverse coordinate. We examine these differential equations 
for various brane solutions. In the near horizon limit, a large class of backgrounds are 
shown to be solved by the Bessel functions. When we do not take the near horizon limit, 
the equations are difficult to solve in general. In this paper, we study the case of (p, q) 
fivebrane backgrounds in detail, since we can solve the equations of motion in two regions: 
near the critical radius and far from the origin. The solutions are given by the Mathieu 
functions for both regions. Furthermore, we are able to find the non-trivial exact solution 
in the directions with the 5-field by using the spheroidal wave functions. 

This paper is organized as follows: In section 2, the Penrose limit of various p-brane 
solutions will be studied. The metric and the + 2)-form field strength are calculated as 
functions of the radial transverse coordinate. In section 3, we study special null geodesies 
with the critical radius, along which the Penrose limit gives the Cahen-Wallach space. In 
section 4, we study the closed bosonic string theories on the Penrose limit of various brane 
backgrounds. In particular, we will consider the theories at the critical radius and in the 
near horizon limit. In section 5, we will study the string theories on the {p, q) fivebrane 
background. We examine equations of motion of the strings in the asymptotic flat region 
and around the critical radius. We solve the string equation of motion in the directions 
with the -B-field using the spheroidal wave function. In the Appendix, the string theory 
which is solvable in terms of the Bessel functions is discussed in some detail. 

2 Penrose limits of brane solutions 

The Penrose limit is defined as a specific scaling of the metric and supergravity fields 
along a null geodesic. In this section, we will review the Penrose limits of the p-brane 
solutions and give explicit forms of various brane solutions. 

2.1 Review of the Penrose limit 

We will briefly review the Penrose limit of the p-brane solution The typical p-brane 
solution for a D-dimensional supergravity is 
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Fp+2 = dCp+i = dvoliE^'P) A dC{r), 

= 0(r) (2.1) 

where r is the radial transverse coordinate, E^'^ is the world-volume of the p-brane and 
-gjD-p-i jg transverse space. Cp+i is the {p + l)-form potential coupled to the brane. 
A, B, C and scalar field depend on r. The p-brane metric is rewritten as follows. 

ds^ = A\r){-de + ds\W))+B\r)[dr^ + r\di)'' + {sini;fdnl_p_^)) (2.2) 

where V is colatitude oi D — p — 2-dimensional sphere and dVL\)_p_^ is the metric for 
D — p — dimensional sphere. 

We will consider the null geodesic in (t, r, if)) space. With the metric 

ds%-^ = -A^dt^ + B'^dr'^ + B'^r'^dip'^ . (2.3) 

There are two Killing vectors dt and d^. The corresponding conserved quantities are 

E = -gj = AH, J = g^^^ = B^r^ (2.4) 

where the dot is the derivative with respect to the affine parameter A along the geodesic. 
E and J are energy and angular momentum respectively. To normalize the energy E = 1, 
we define an affine parameter u = EX. The equations ( p.4|) become 

The remaining free parameter which determines the geodesic is £ = J/ E. The condition 
for a null geodesic is 

For a fixed r must satisfy I < rB/A. We will examine this inequality for each brane 
solution in section 3. When i = 0, the null geodesic exists in (t,r) space. This is called 
radial null geodesic. 

We introduce the coordinate transformation {t,r,ip) — > («,!>, 5) 

u = u{r), f = t + £'?/' + a(r), z = ilj + h{r), (2.7) 

3 



such that the metric ( p^ ) becomes 

rfsjg) = 2dudv + Kdv'^ + Ldvdz + Mdz^. (2.8) 

In this metric, the tangent vector du is a null geodesic vector. The conditions for the null 
geodesic (Of) and (p]0) lead to 



da _ P db _ i/r^ 

d^~ ^A^~^' d^ ~^~fWTW 

du B"^ ^, ^ .X 

— = ±^^^= = Q(r). 2.9 

V A2 

Then the functions i^, L and M in the metric ( |2.8| ) are given by 

K=-A'^, L = 2M^ M = B^r^ - fA^. (2.10) 

We rescale the coordinates, the metric g, the (p + 2)-form field strength -Fp+2 and the 
scalar field (j). 

nz, F ^ fix", Vty^ 
g^n-'g, ^ 0^0 (2.11) 

where (a = 1, ■ ■ ■ ,p) are the spatial coordinates of the p-branes and y'' {I = 1, ■ ■ ■ , D — 
p — 3) are coordinates of S^~^~^. The Penrose limit is the limit where f2 — 0. Then the 
D-dimensional metric and the {p + 2)-form field strength Fp^2 become 



ds^ = 2dudv + (SV^ - eA^)dz^ + A'ds^EP) + B\\smbfds\E^-^^~^), 



dC(r) i / l £^ 
= ' A dx^ A ■ ■ • A rfF A d~z. (2.12) 

This coordinate is called the Rosen coordinate. 

We transform the Rosen coordinate {u, v, x", y') to the Brinkman coordinate (x^, x", y') 



d+A{x+) a.2 , >9+(r(x+)E(x+)sin&(x+)) ^ , 2 
2A(x+) V 2r(x+)5(x+)sin6(x+) Y 



a+^S(x+)V(x+)2 - £2^(x+)2 2 



2^fi(x+)2r(x+)2 -£M(x 



+^2 



v'- 



r(x+)i?(x+) 

z 



In the Brinkman coordinate, the solution ( |2.12| ) becomes 

(p D-p-3 
a=l 1=1 

2, dlA 2/ +N 9^(rSsin6) 



A ^ rB sin 6 

V52r2 - £W 
dr rAP+^B^' 



where ^^^(Ep) = Y.'a=i{dx''f and ^^^(E^-p-^) = E/^7P-^(dy')2. 

From ( p.9|) and ( p.l4| ), mj are written as functions of the coordinate r; 



-g-^g,gg,A + Q-^d^A 

A 



2 -Q-3a,Qa,(5r sin 6) + Q-2a2(Er sin 6) 
^ Br sm 



(2.13) 



F„ , 2 = ± V . o ^a:+ A c/x^ A ■ ■ • A rfx^ A rf^ (2.14) 



2 -Q-'^drQdr^B^r^ - £2^2 + Q-252V52r2 - £2^2 

= . 2.15) 

2.2 Plane wave geometry for various brane solutions 

We have obtained the plane wave metric for typical p-brane solution. In this subsection, 
we will write down the explicit forms of the plane wave metric for the Dp-brane {p < 
6), fundamental string, NS5-brane, {p,q) string and {p,q) fivebrane solutions. We also 
consider the near horizon limit. Since we are interested in the string theory on these 
backgrounds, the metrics which are discussed below are those in the string frame. 

(1) Dp-brane solution 
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First we discuss the Penrose limit of the Dp-branes. In string frame, the Dp-brane 
solution takes the form 12^ 



Fp+2 = dvol{E^'P) A dH-\ 



H{r) is the harmonic function on ^ 



Q 



(2.16) 



(2.17) 



where Cp = 27-2P7r^r(^) and g^^ = {2ny'^g,{a')^ . See e.g. ref. ^. 

In this case, A{r) = H^^^^, B{r) = H^/^ and C(r) = H~^. Plugging these into ( ^l9| 
we obtain]] 

dh E 

dr 



(2.18) 



r^r2 - £2 + g^r-s+P 

or ) = — = ( + ^ 

^^^^ Vr7-P + Qp-£2^5-p^ 



From (|2.14| ), we find the Penrose limit of the metric and the {p + 2)-form field strength 

P 7-p 



ds^ = 2dx^dx~ + \ml^xl + ml^yf + mldz^ {dx'^f + c/s^(E^), 

\ a=l 1=1 ) 

Fp+2 = i{7 -p)Qpr^-P{l + Qpr'^-P)^dx+ A dx'^ A ■ ■ ■ A dx^ A dz. (2.19) 



The explicit forms of rrii are given by (|2.15|) 



(3 - p)Ql + (3p - 13)g/V5-P - (29 - ?>p)Qpr''-^ 



+4(9 - p)£Vi'-2p - 4(8 - p)r^^~^P 



p) 1 



^1 = iy -p)Qv 



(3 - p)Ql - (p + 1)Q/V5-^ + (27 - 5p)Qpr^-^ 



-4(9 - p)£Vi2-2p ^ _ 



16r2(r^-P + 



3 



^ In the following we will choose the upper signs in 



(3 - p)Ql + (3p - 13)Qpfr'-P + (27 - 5p)Qy-P 



+4{9 - p)fr^^-^P + 4{6 - p)r 



In the near horizon hmit, these m,- become 



14-2p 



[2.20) 



1 1 



(7 - p) [(3 - p)Qp + {3p - 13)£V5-f] 



i7-p) [i3-p)Qp + i-l-p)fr^-P] 



and the {p + 2)-form field strength becomes 

Fp+2 = i{7 - p)Q^r^P-^^^P-^^/Ux+ Adx^ A--- AdxP A dz, 



(2.21) 



(2.22) 



which agree with the result in ref. ||T5 
(2) NS5-brane solution 

Next we will discuss the Penrose limit of the NS5-branes. The NS5-brane solution is 
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ds' = ds'{E''') + Hds\E^) 
F7 = dvo\(E^'^) A dH-\ e^^ = H, 



(2.23) 



Since we are working in string frame, the dual NS-NS 3-form field strength H3 = dB2 is 

= e2<^ *Fr = 2Q5dYo\{S^) (2.24) 

where is in the transverse space E'^. 

In this case, since A(r) = 1, B(r) = H^/"^ and C(r) = iJ^^, du/dr becomes 

du _ , , + Q5 



dr ^^^^ r^r' + - ' 
The Penrose limit of the metric and the NS-NS 3-form field strength ifa are 



(2.25) 



ds^ = 2dx^dx~ + (ml + Vi + ^IdzA {dx'^f + rfs^(E^), 

V a=l 1=1 J 

dx+ A dy^ A dy^ (2.26) 



where 



ml = 0, 



m 



(r2 + Q 



5 J 



- (2 27) 



In the near horizon hmit, rrii become constants 



ml = 0, ml = -^, ml = 0, (2.28) 

V5 



and the NS-NS 3-form field strength is 



2i 

H3 = —dx+ A dy^ A dy^. (2.29) 
Q5 



For ^ 7^ 0, this plane wave geometry becomes the Nappi-Witten geometry [^] as noted 
in refs. Taking the Penrose limit along the radial null geodesic £ = 0, all of rrij 

become zero and the resulting string theory is linear dilaton theory [Q. 

(3) Fundamental string solution 

The fundamental string solution is [ pO] 

ds^ = H-'ds\E^^') + ds\E^), 

F3 = dvol{E^'^) A dH'\ e^^ = H-\ 

H = l + % (2.30) 
Since A = 5 = 1 and C = in this case, we obtain 

*=W = 7?fT^7^- (2-31) 

The Penrose limit of the metric and the NS-NS 3-form field strength F3 are 

ds"^ = 2dx^dx' + ^mlx^ + mlj^yf + mldz^^ {dx^^ + ds^{E^), 



r2(r6 + Qi) 



^-rrrdx^ A dx A dz (2.32) 
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where m,- are 



mz. = —3 



r8(r6 + Qi)2 



2 _ qQi 



= -3 -^ri—^T\-. • (2-33) 



In the near horizon hmit, become 



^- = -3 -s ' ^. = -37^. ^. = -3 , (2.34) 

and the NS-NS 3-form field strength is 

F3 = — ^dx ^ dz. (2.35) 

(4) (p, q) fivebrane solution 

Since type IIB superstring theory has S-duality, there is a {p, q) fivebrane solution. 
The metric and the 5-field for the (p, q) fivebranes are derived from those of the NS5- 



brane solution by acting 5*17(2, Z) duality transformation in Einstein frame |3^. By 
pulling back to the string frame, the metric, NS-NS 3-form field strength H^, RR 3-form 
field strength F3, dilaton and axion x become 

5 

ds^ = h-^'^-dt" + Y.dxl + f{dr^ + r^dnl)), 

a=l 

/ = 1 + ^, /.-^ = sin^/-^ + cos^, 

H3 = 2cos7Q5c/vol(^^), F3 = 2sin7g5rfvol(^3), 

e2<^ = //i-2, X = /isin7cos7(/-i - 1) (2.36) 



where 7 is defined by 



When 7 = and 7 = 7r/2, this solution reduces to that of the NS5-branes and the 
D5-branes, respectively. 
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In this case, A(r) = h and B{r) = h i/4yi/2^ 'jj^g equation in ( p.9| ) leads to 
du , yr^ + QsA/r^ + COS27Q5 

-r = = / — • 

Taking the Penrose hmit, the resulting metric and the 3- form field strengths are 
ds^ = 2dx+dx- + (ml E + E yf + mldzA {dx+y + cis2(E«), 

\ a=l 1=1 ) 

2£(cos7)(55 ^ J -y ^ J 2 



(2.38) 



F, = - 
where rrii become 



2f(sin7)g5 
7^ + Q5) {r"^ + Q5 cos2 7) 

sin^ 'jQ^r'^ 



dx~^ A dy^ A dy'^ 



dx^ A dy^ A dy"^ 



(2.39) 



4(r2 + Q5)3(r2+ COS27Q5 



ml{r) 



+{(-1 + 3 COS27 )Ql + (1 + 3 COS27 )Q5fy 
+{-(7 + cos^7 )Q5 + 8£2}r^ - 6r^ 

= ^ [ - 4 cos^ 7Q5 

4(r2 + Q5)3(r2+ cos27Q5)='^ 

+{4 COS27 (1 + COS27 )Ql - 12 COS27 (1 + COS27 )Qli^}r^ 



(2.40) 



+{(-1 + 20cos^7 +5cosS)g^-3(l + 10cos^7 + cosS)g5r } 



2t ^4 



+{(l + 22cos27 +cosS)Q5 -8(1 + cos^7 )£^}r^ + 2(1 + 3 cos^7 )r® 



(2.41) 

4 cos% (1 + cos^7 )(55 - 4 cos% sin^ 7^5^^ 



4(r2 + Q^fir'^ + COS27Q5 
+{(-1 + 20 COS27 + 5 cos^ -i)Ql + sin^ 7(1 + 3 cos% )Qd^}r'^ 



+{(1 + 22 cos^7 + cos^7)Q5 + 8 sin^ 7r}r^ + 2(1 + 3 cos 7 )r 



(2.42) 



It is easily checked that they reduce to mj of the NS5-branes and the D5-branes when 
cos 7 = 1 and cos 7 = 0, respectively. 

The near horizon limit of the (p, q) fivebrane solution is given by replacing / = 1 + 
Q^jr^ with Q^jr^ in (|2.36|) . Taking the Penrose limit of this background, mi become 
2 1 r2 sin^ l{Qh - f){-r'^ sin^ 7 + AQ^ cos^ 7) 



m. 



Q^ir^ sin^ 7 + Q5 cos^ 7)^ 
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^2 _ 1 ^Q\e cos' 7 - AQ, sin^ 7 cos^ ^{Q^ - 3fy + sin^ ^{Q^ + Sfy 
^ 4 (55(r2 sin^ 7 + (5500527)3 

and the 3-form field strengths become 



2£cos7 , , ,1 ,2 

^3 = ^ — ; ' ■ 2 ^ ' 

(^5 cos^ 7 + sm 7 



^ 2£sin7 , _L , 1 , 9 .X 

^3 = , . , dx^ A rfy^ A dy\ (2.44) 

(^5 cos^ 7 + r"' sm 7 

(5) (p, q) string solution 

Finally we will consider the {p, q) strings. By SL{2, Z) symmetry of type IIB super- 
strings, the metric and the i?-field for the {p, q) strings are also derived from those of the 
fundamental string solution in Einstein frame ||33|. In string frame, the metric, NS-NS 
3-form field strength F3, RR 3-form field strength H^, dilaton cj) and axion x ^I's 

ds^ = h-^'\f-\-de + dx^) + dr^ + r^dn^i), 

= ^ + = sin^T/ + cos^7, 

F3 = cos7rfvol(E^'i) A df-\ Hs = sin7dvol(Ei'^) A df-\ 
e^-^ = x = /^sin7cos7(/- 1) (2.45) 

where 7 is defined by (|2.37|) as the {p, q) fivebranes. The charge Qi is related with the 
original fundamental string charge Qi by Qi = \Jp^ + q^Q\. When 7 = and 7 = 7r/2, 
this solution reduces to the fundamental string and the Dl-brane solution, respectively. 
Since A{r) = /i-V4j-i/2 ^nd B{r) = h'^/^ we obtain 



^ = Q(r) = + (2.46) 
dr Le _ ^2^4 + 



The Penrose limit of this solution is 



ds"^ = 2dx^dx~ + (^mlx'^ + Vi + raldz^ {dx^f + ds'^(E^), 

F3 = 6 os7£Qi^ ^ ^ 

{r^ + Qi){r^ + Qi sin 7) 

H, = ^Jl^:i!Q2t dx- ^dxAdz (2.47) 
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where we used C = cos 7/ ^ and C = sin 7/ ^ in F3 and H3, respectively. In the above 
equations, rrii are 



miir) 



, - -sin*7Q* + 5sin*7QW 
4r2(r6 + gi)2(r6 + sin2 7Qi)3L '^^ 

- sin^ 7(-ll + 23 cos^ 7)Q?r^ + 6 sin^ 7(-l + 5 cos^ 7)Q?A^° 

+ (39 - 60 cos^ 7 + 25 cos^ -f)Qy^ + (-27 + 30 cos^ 7 + cos^ -f)Qii^r^^ 

+ (41 - 10 cos^ 7 + cos^ 7)Qir^^ - 16(1 + cos^ -f)i^r^^ + 14(1 + cos^ 7)r2^ 



mj(r) 



m^(r) 



3Qi 



4r2(r^ + sin 7(51 



- sin^ 7Qf + sin^ -fQitr^ - sin^ 7(11 + cos^ 7)(5ir^ 



+16 sin^ 7£V^° + (-10 + 14 cos^ 'j^^ 

[ _ sin^ ^Qf + 5 sin^ 70?^'^^ 

4r2(r6 + gi)2(r6 + sin2 7Qi)3L '^^ '^^ 

+ sin^ 7(-13 + cos^ 7)Q?r^ + 6 sin^ 7(-l + 5 cos^ 7)(5?^V^° 

+ (-33 + 36 cos^ 7 + cos^ l)Qy^ + (-27 + 30 cos^ 7 + cos^ -f)Qifr^^ 

+ (-31 + 38 cos^ 7 + cos^ 7)Qir^^ - 16(1 + cos^ j)fr'^^ 



+ (-10 + 14cos2 7)r 
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(2.48) 



It is also checked that they become the Penrose limit of the fundamental string solution 
and the Dl-brane solution when cos 7 = 1 and cos 7 = 0, respectively. 

In the near horizon limit, which is obtained by the replacement / = l+Q2/r^ Q2/'^^ 
in (|2.45|) , rrti become 

3 1 



2 2 
= = — 



4£V^ cos*7 + 4Qir^"cos*7 
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+24Qi£V^° cos^ 7 sin^ 7 - 12Qir^ cos^ 7 sin^ 7 
+5Q?£V sinS - sin^ , 
1 



4r^^ cos'* 7 + 16£^r^" cos^ 7 sin^ 7 



2^10 



4 j^2^j.6 (.Qg2 ^ _|_ gj]^2 

-UQir^ cos^ 7 sin^ 7 + Qi^V^ sin^ 7 - 0? sin^ 7 



^2.49) 



and the 3-form field strengths are 



6£r^ cos 7 



cos^ 7 + Qi sin^ 7 
12 



dx^ A dx A dz, 



6£r^ sin 7 , . , , , 

= ^ — —dx+ Adx A dz. (2.50) 

cos^ 7 + Qi sin 7 

3 Null geodesies and critical radius 

In the previous section, we have obtained the Penrose hmits of various brane solutions. In 
this section, we examine the allowed region for the radial coordinate r of a null geodesic 
with a given parameter C. for each brane solution. In particular, we point out the existence 
of special null geodesies which stay at a fixed ('critical') radius. The Penrose limits along 
these geodesies are of interest, since, as we will see in section 4, the string theories on 
these backgrounds have constant masses in the light-cone gauge and are solvable. We will 
present explicit forms of the plane wave geometry resulting from such Penrose limits. 

We begin with the discussion on the geodesies for the Dp-brane solutions. The relation 
between the affine parameter u and the radial coordinate r is given by (|2.18|) for the Dp- 
branes. Since du/dr is necessarily real, the region of r must obey 

/(r) = r^-P + Qp- fV^-P > 0. (3.1) 

We shall first consider the condition that a null geodesic starting from r = 00 reach 
the origin r = 0. It is given by /(r) > throughout < r < 00, that is, 

/(r™„) > (3.2) 

where f{rmin) is the minimum of /(r) in the region < r < 00. When p < 4, as we can 
see from ( |3.1| ), the minimum of /(r) is at 



5 — 



1/2 



(3.3) 



Thus, (|3.2|) amounts to 



5-f 
2 



£ < (cQp)^ where c = \ < 4). (3.4) 

2 \5 — p J 

In the cases of p = 5, 6 the minimum of /(r) is at r = 0. For p = 5, /(O) = Q5 — i"^ and 
the condition ( P?^ ) becomes 

Qp > e. (3.5) 
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For p = 6, the condition is 

e = 0. (3.6) 

If ( p.2|) is not the case, the equation /(r) =0 have positive root(s). Let us first consider 
the p < 4 cases. When ( |3.4| ) is not satisfied, there are two positive roots ro± (ro+ > tq-). 
Exphcit forms of ro± for p = 1,3,4 are found by solving second or third order equations 
and given as follows. For p = 1, and when 27Qi/4 < i^, we have 

1/3 



3 



1 ± iVs) 2£^ - 27Qi - iSVsJM^Qi - 27Qf 



+ (l T tV3) (2f - 27Qi + isVs^jAi'^Qi - 27Ql^ | /(6 ■ 2^/=^) 



For p = 3, when 4Q^ < 



± y/i^ - AQ 



3 



For p = A, when 27Q|/4 < £^ 

ro± = I (l T ^VS) (-27g4 + «3v/l2£6-81Ql 



1/3 



(l ± zv^) (-27g4 - z3y^l2^6 _ 81Q2 j I / (g . 2i/3 



1/3 ~ 



For the cases under consideration, a null geodesic which starts at r = oo can reach only to 
r = ro+, but no nearer to the origin. We may also consider a null geodesic which remain 
in the region near the origin < r < ro_ where /(r) > 0. In addition, there are special 
null geodesies which stay at a certain fixed radius r = ro+ or r = ro_, since dr/dw = at 
these point^. 

In the cases of p = 5, 6, on the other hand, the equation /(r) = can have only one 
positive root tq. For p = 5, when l"^ < Q^, the root is 



ro = V^' - ^5- (3.7) 



^To see the behavior of the geodesic around the radius where dr/du — more precisely, we need to 
study the geodesic equations and examine the quantities such as the second derivative with respect to 
the afRne parameter. 
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and for p = Q, when £ ^ 0, 



Ql + - Q. 

ro = ^ ■ (3.8) 



In these cases, a geodesic which starts at r = oo can reach only to r = tq. We can also 
consider a geodesic which stays at r = tq. However, there is no geodesic which remain 
within finite radius near the origin, in contrast to the p < 4 case. 

The conditions for the allowed region of r for the NS and {p, q) fivebranes are the same 
as the one for the D5-branes (with replaced by Qf,). It is because the reality conditions 
of du/dr for these backgrounds are the same as the one for the D5-branes, i.e. ( p.l|) with 
p = 5, as we can see from ( p.25| ) and ( 2.38| ). For the same reason, the conditions for the 



allowed region of r for the fundamental and (p, q) strings are the same as the one for the 
Dl-branes (with Qi replaced by Qi). 

When we consider the near-horizon geometries of the brane solutions, there are slight 
modifications to the above discussion. The derivative du/dr becomes in the near-horizon 

limit ^ 

du _ ( Qp V 
d^ ~ \Qp-&r^-p) ' 

For p 5, there is one solution of dr /du = {du/dr = oo): 

ro=(%-)'^' {p^5). (3.9) 



The allowed region of the geodesic for p < 4 is < r < tq. On the other hand, for p = Q, 
the allowed region is tq < r, and the geodesic does not reach the origin (if i 0). We 
may also consider a special geodesic which stays at r = tq for the p ^ 5 cases. For p = 5, 
the reality condition for du/dr is £^ < Q^, which is independent of the radius. If i"^ < Qs, 
the geodesic covers the whole region of r. If £^ = Qs, the geodesic stays at a fixed radius 
(which can take an arbitrary value), since we have dr /du = 0. 

We have seen that there are special null geodesies which stay at a fixed radius, for all 
the backgrounds in discussion under certain conditions on i and the charge Qp (or Qs, or 
Ql). We call the point where dr/du = the 'critical radius' and denote by tq. Precisely, 
To is defined as the point which satisfy r''^^ + Qp — i'^r^'P = for the case of p-brane 
solutions; and as the point which satisfy Qp — f'r^~P = when we are considering the 

15 



near-horizon geometry of p-brane solutions, {tq means either ro+ or ro_ when there are 
two critical radii.) If we take the Penrose limit along such a geodesic with a fixed radius, 
the geometry becomes independent of x~^. In other words, the resulting background is 
the Cahen-Wallach space 

We will present explicit forms of the geometries in the Penrose limit along a null 
geodesic at the critical radius for each brane solution. For the Dp-branes, rrii in (|2.20|) at 
the critical radius can be written in the form 



ml 



(7-p)Qp{(p-7)Q, + 2£Vo'-^} 



m. 



8£% 

2 



12-2p 



{7 - p)Qp{i7 - p)Qp - Q(!'rl^} 







2 (7 - p)gp{(-35 + ^p)Q, + (30 - 4p)£Vo^-^} 



In the near-horizon limit, evaluating rrii in ( p.21|) with the values of for p 7^ 5 given in 
(p.9|), we have 

2 2 (7-p)(p-5) 2 (7-p)(l-p) 

T^x = '^z = ^ 2 , "^j, = ^ 2 • (3.11) 

For the D5-brane solution, dr/du = if P = Q5. In this case, rrii become 

ml = ml = 0, my = (3.12) 

where fo is a constant which can take an arbitrary value. 

Next we will discuss the NS5-branes. The critical radius is vq = — and at this 
radius, m^ and H3 are evaluated as 

2 n 2 Q5(g5-2£^) 2 2g5(^'-g5) 
^- = 0' ^j/ = £^ ' = £^ ' 

Hs = '^dx+ A rfy^ A dy"^. (3. 13) 

In the near horizon limit, dr/du = when Q5 = £^ as in the D5-brane case. In this case, 
we have ml = ml = 0, m^ = —l/i"^ and H3 = jdx^ A dy^ A dy"^. 

For the fundamental strings, at the critical radius are given as 



3Qi(3gi-£Vo^) 2 SQi 2 3gi(9gi-7£Vo^) 
'^- = ^5^02 ' ^^^ = -78-' = • (3-14) 
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In the near horizon limit, evaluating at the critical radius ro = (Qi/£')^/^, we obtain 



2 

mi 



-M'^/Qi and m. 



-?)i'^jQ\. The NS-NS 3-form field strength becomes 



-^3 = Adx A dz. 

For the (p, q) fivebrane solution, nii at the critical radius tq 
2 {e-Q,fQ,sm^l 



become 



2£^(£2-Q5sin2 7)2' 

2 _ (7^' - 6f 'Qs + + + 2^'05 - Qs) cos 27) 
4£'(^2-Q5sin2 7)2 

2 _ - Q5)Q5(-9£2 + 5Q5 + - 5Q5) cos 27) 



(3.15) 



4£4(£2 _Q5sin2 7)2 

In the near-horizon limit, dr/du = when Q5 = i'^. The resulting geometry is given by 

1 



2 2 



0, m 



cos2 7 + Tq sin^ 7 ' 
2 cos 7 , ^ ^ , ^ , 2 



(3.16) 

(^5 cos^ 7 + '"o 7 

where fo is an arbitrary constant. This case was studied in ref. If we choose Tq = Q^, 
the above background agree with the one given in ref. |]23[| . 

In the case of the {p, q) string solution, at the critical radius become 

.^^i""" , i-Qif cos^ 7(-9 + 7 cos^ 7) 

2£2(r6 + Qisin2 7)3V ^' 

+2(3Qi cos^ 7 + £^ sin^ ^)rl - £^(3 - 3 cos^ 7 + 2 cos^ 7)r^) , 



3Qi(-3 + cos2 7)r^ 
2(r6 + gisin2 7)2 ^ 





3Qiro4 



2£2(r6 + Qi sin2 7)= 



-Qif cos^7(-33 + 19cos2 7) 



+2(9gi cos^ 7 + £^ sin^ -i)rl - £^(15 - 3 cos^ 7 + 2 cos^ 7)ry . (3.17) 

In the near horizon limit, the critical radius is Tq = (Qi/i'^Y^^ and rrii are given by 

3Ql (2Q1 cos^ 7 + 3trl cos^ 7 sin^ 7 + ^6 gin^ 7) 



£^r'^{rQ cos2 7 + Qi sin^ 7)' 



3Qf cos 7 (^Qi cos 7 + £ Vg sin 7 
£^ro(ro cos2 7 + Qi sin^ 7)^ 



(3.18) 



17 



4 Strings on the Penrose limits of various branes 



Having obtained the Penrose limits of the various brane solutions, we shall now study 
string theories on these backgrounds. In the present paper, we concentrate on the analysis 
of the bosonic sector. We plan to report on the analysis of the fermionic sector and on the 
related issues such as the condition on the background for the realization of the world- 
sheet supersymmetry in the light-cone gauge in a future work. In section 4.1, we give a 
brief review on string theory on the plane wave background. We derive the equations of 
motion for the bosonic string in the light-cone gauge, and see that we have massive theories 
with time-dependent masses in general. Then in section 4.2, we start the study of the 
equations of motion for each case. We discuss the structures of the singular points of the 
differential equations, especially. In section 4.3, we point out that in certain circumstances, 
the equations of motion generically take simple forms. The first example is the theory 
on the critical radius, for which the masses become constant. Another example is the 
near-horizon limit. In this limit, the equations of motion for a large class of backgrounds 
can be solved by the Bessel functions. The case of the fivebranes, for which the exact 
solutions exist, will be discussed separately in detail in section 5. 

4.1 Light-cone string theory on the plane wave background 

The sigma-model action for the bosonic part of string theory is given by 

" 4^ Z'^''" {"^^'^''a.udaX^dpX'' + e'^^B.^d^X'^dpX'') (4.1) 

where ha/s = t, cr) is the world-sheet metric and e"^"" = -|-1. gfj,u, (/i, z/ = 

0, . . . , 9) are the background metric and NS-NS two-form potential, respectively. The RR 
backgrounds do not couple to the bosonic sector. 

The plane wave metrics obtained in section 2 are of the form (|2.14|) : 



ds'^ = 2dx'^dx~ + (m^(x+)x^ + ml{x^)yf + m^(x+)z^) {dx^^ + dxl + dyf + dz^ . 

The directions represented by (a = 1, . . . ,p) are the ones which were originally the 
spatial directions of the world-volume of the p-branes, and those represented by yi {I = 
1, . . . ,7 — p) come from the angular coordinates of the transverse (7 — p)-sphere. The 
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coordinate z comes from the angular coordinate which appears in ( |2.3| ). In the following, 
we frequently denote those x-, y- and z- directions collectively as (i = 1, . . . , 8). 

For the fundamental and (p, q) string and the NS and (p, q) fivebrane solutions, there 
are non-vanishing NS-NS -B-fields. As we have seen, the only non-vanishing component 
of the field strength is -F+ij. We take the no n- vanishing component of the i?-field in the 
form 

("^ ) 

by choosing the gauge. 

We adopt the conformal gauge —hh^^ = r/"^) for the world-sheet metric, and 
substitute the plane wave background into the action. Then, ([4.1|) becomes 



Ana' J ^ 

+m^,{X+)d^X+d"X+{X'f + e'"^Bij{X+)d^X'dpXA. (4.2) 



We can take the light-cone gauge X~^ = r, since it is consistent with the equation of motion 
derived from (|4.2|) [l^ . In the light-cone gauge, the fields in the transverse directions X* 
are effectively described by the action 

S = / rfV (-drX'drX' + d^X'd^X' - m^{T){Xy + e''^Bij{T)d^X'df^xA , 

Ana J ^ ' 

which gives the equation of motion 

dlX' - dlX' - m2(r)X^ - ^ drB,,{r)d,X^ = 0. (4.3) 

i 

We have obtained a massive theory whose mass is dependent on the world-sheet time. 
Note that in our sign convention, mf < is massive and mf > is tachyonic. 
Expanding X* in the Fourier components with respect to cr (0 < cr < 27r) 

oo 

X\t,ct)= Y: (a>Ur) + a^^^(r)) e-, (4.4) 

n=— oo 

we obtain the equations of motion for the functions y^^: 

^cpl^ + n'ifl, - m^(rX - ^ 5.%(r)^^. = 0. (4.5) 
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V?*_„ satisfy the same equations of motion. 

In the remaining part of the paper, we analyze the equation of motion ( [4. 51 ) for the 



plane wave background for each brane solution. Though the main aim of our paper is to 
find solutions of the equation, we would like to make a few comments on the quantization 
of the string here. By imposing the canonical commutation relations on the fields X* 
and the conjugate momenta, we obtain the oscillator commutation relations for and 
a^, provided that the functions <^n and (pn are the solutions of the equation of motion. 
In contrast to the string theory on the flat background, the light-cone Hamiltonian does 
not commute with the number operator, for the case of the time-dependent plane wave 
background. This situation will be illustrated in the appendix when we give an example 
of the mode expansion using Hankel functions as a basis. 

We should also comment on the dilaton coupling. That coupling is not taken into 
account in this paper, that is, we study the propagation of a free string. When we 
are considering the brane solutions which have finite dilaton background throughout the 
spacetime, and if we set the dilaton v.e.v. at infinity to a small value, this gives a good 
description. However, when we discuss the branes with the dilaton which diverges at 
the origin (the Dp-branes with p < 2, the (p, q) fivebranes other than the D5-branes, 
and (p, g) strings other than the fundamental strings), care is needed. If we consider a 
geodesic which passes the origin in such backgrounds, the effect of the interaction will 
become important. 

4.2 Equations of motion for each brane solution 

The equations of motion of the string on the Penrose limits of the brane solutions are 
given by substituting mf and Bij obtained in section 2 into the general form ( [4.5| ). 

(1) Dp-branes 

We first discuss the case of the Dp-branes. We have Bij = 0, and the equation of motion 
is given by 



The masses m^(r) are functions of r through the radial coordinate T'(r). The relation 




(4.6) 
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between r and r is given in the differential form as 



Note that this is obtained from (|2.18| ) by simply replacing u with r, because we are 
working in the light-cone gauge r = x"*" = u. 

To find solutions of the differential equation, it is convenient to take r as an indepen- 
dent variable instead of r. The equation ( |4.6| ) is rewritten as 

- Q^^i - - «»^(^)) ^" - °- 

For the case of the Dp-branes with odd p {p = 2k + l where A; = 0, 1, 2), we will use x = 
as the independent variable. The equation of motion is transformed into 

/ rf2 d \ 

+ p{x)— + q{x)\ipn = Q (4.9) 



dx'^ dx 



where 



q{x) = j-{n'-m^)Q\ (4.11) 

Let us examine the structure of the singular points of the differential equation for the 
odd p case ( ^.9| ). A singular point Xq is the (complex) value of x where p{x) or q{x) 
diverge as x — > xq. If p(x) = 0((x — xo)~^) and g(x) = 0((x — xo)~^), xq is called a 
regular singular point. If this is not the case, Xq is called an irregular singular point. For 
our case, the coefficient p(x) is obtained using (p7| ) as 



1 (3-A:)x^-^ (3 - A:)x^-^ - (2 - fc)£V-^ 
' 2x 2(x3-fc + Qp) ^ 2(x3-'= + Qp - £2a;2-fc) • ^ ■ ) 

The coefficient g(x) for the cases of the x-, y- or z-directions are calculated by substituting 
m^, or ml in ( ^4.11|) , respectively. 

For the D5-branes {k = 2), ( [4. 91 ) has four singular points. As we can see from the 
denominators of p(x) and g(x), we have regular singular points at x = 0, Qp, i'^ — Qp. There 
is an irregular singular point at x = oo, which can be seen by transforming the variable 
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X to 1/x. As k decreases, the number of the singular points increases. For the D3-branes 



{k = 1), we have regular singular points at x = 0, ±i^jQp, ± — 4(5p)/2. For the 
Dl-branes (A; = 0), we have regular singular points at 0, the three roots of + Qp = 0, 
and the three roots of x^ + Qp — i'^x^ = 0. The irregular singular point at x = oo is 
present for all the cases. 

For Dp-branes with even p, use of the above x does not lead to rational expressions, 
and we use the variable r and examine the differential equation ( |4.8|) . The coefficient of 
difn/dr is given by 

1 dQ{r) _ (7 - J9)r6-P (7 - p)r^~P - (5 - p)fr^-P 



Q{r) dr 2{r^-P + Qp) 2{r'^-P + Qp - Px^-p) 

Generically, there are regular singular points at 0, the roots of r^"^ + <5p = 0, and the 
roots of r ''^P + Qp — i'^r^~P = 0, and an irregular singular point at r = oo. 

In general, differential equations having fewer number of singular points are more 
tractable. (See e.g. ref. BB].) For the differential equations for the D5-branes, we can find 
non-trivial solutions as we see in section 5. It should also be noted that it may be possible 
to reduce the number of the singular points by the change of variables or by factoring out 
some function from <^„. Indeed, the equation in the y-directions for the D5-branes can be 
transformed to the one which has only two regular singular points at a; = 0, £^ — Qp and 
an irregular singular point at x = oo, as we discuss in section 5. 

We comment here that the differential equations in the y- and 2;-directions for the D6- 
branes in the i = case can be transformed into the form which is found in the literature 
(eq. VII, p. 503 of ref. [^). The properties of the solution of that equation have been 



investigated to some extent |36], but we do not discuss this case any further in this paper. 



(2) NS5-branes and {p, q) fivebranes 

In these cases, we have non-vanishing NS-NS S-fields in the two y-directions. Let us 
consider the NS5-brane case. The equations of motion ( [4. 3D for the ^/-directions are 
coupled equations 

dl^l + - ml{T)^l - indrB{T)^l = 0, 

d'y^ + n'^l - ml{T)^l + ind^B(r)^\ = 0, (4.14) 
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where B{t) = B12 = —B21 and the indices 1, 2 denote the two y-directions. Exphcit form 
of Ot-B for the NS5-branes is given by 

drB{T) = d,+ B,2{x+) = H+,2 = , (4.15) 

Note that we have used the hght-cone gauge condition r = x"*" in the first equahty. The 
equation (|4.14| ) is diagonahzed by the combination ip'^'^ = ip\^ iip"^: 

(5^ + n^- mlir) ± ndrB{r))<f';^^ = 0. (4.16) 

We use X as the independent variable and analyze the differential equation of the form 
( [4 .91) . The coefficient p{x) which is given by the formula ( |4.10| ) is evaluated as 

p(x) = l + ^i- + i (4.17) 

using Q{r) obtained in ( p.25|) . The formulae for q(x) for cpl^"' are modified to 

q{x) = ^{n^ -ml±drB)Q\ (4.18) 
4x 

It is evaluated using niy and drB given in ( |2.27|) and (|4.15| ), respectively. As for the x- 
and z-directions, the differential equation is given by ( [4 .61 ). By using x, we obtain the 
differential equation with p{x) given by ( [4.17] ), q{x) given by ( [4 .111) with the substitution 
of ml and which are found in ( p. 27] ). Note that the equation of motion for x-directions 
is the one for the flat background, since = 0. The differential equations have three 
regular singular points at x = 0, —Q5, i"^ — Q5, and an irregular singular point at x = 00. 

The {p, q) fivebrane case can be analyzed exactly in the same way as for the NS5-brane 
case. We have the coupled equations ( [4.14) ) where 

dMr) = . (4.19) 

(r2 + Q5)(r2 + Q5Cos2 7) 

The coefficient p{x) is evaluated using Q{r) in (|2.38|) and is given by 

1 _i 1 _i 
p{x) = - + ^ + J + (4.20) 

X X + Q5 X + Q5 - £2 x + cos^ 7Q5 

The differential equations have four regular singular points at x = 0, —Q5, Q5, — cos^ 1Q5, 
and an irregular singular point at x = 00. The differential equations for the ^/-directions 
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for the NS5-branes (or the {p, q) fivebranes) can be transformed to the ones which have 
only two regular singular points x = 0, £^ — (or £^ — Q5) and an irregular singular point 
at X = 00, as in the case of the D5-branes. 

(3) fundamental strings and (p, q) strings 

The non- vanishing component of the 5-field is B^-z in these cases. The equations of motion 
in the x- and 2;-directions are coupled equations 

dl^l + nV^ - ml{T)^l - indrB{T)^l = 0, 

dlvl + - ^l{r)^l + ^n^rB{r)^l = 0, (4.21) 

where B{t) = B^z = —B^x- Note that m^. 7^ ml for the present cases. 
The 5-field for the fundamental strings is given by 

d^B{r) = d^BUx^) = F^x. = ^T^XTTT (4.22) 

r^{r'^ + Qi) 

and the masses m^ are given in (p. 33 ). Diagonalizing (^4.21|) , the equations of motion in 
the X- and 2;-directions become 

(a^ + - m2(r) ± Am^^y^jf ) = (4.23) 

where 

2 ^ ml + ml _ ^ QiiQl + Qifr^ + SQir^ - SfV^" + Ar^^) 

- 2 " r8(r6 + Qi)2 ' ^^'^^^ 

= + (4.25) 

r^(r^ + Qi) 

The differential equations can be analyzed using x as the independent variable. Number 
of the singular points is the same as the one for the Dl-brane case. 
The 5-field for the (p, q) strings is given by 

6iQi cosjr^ 
(r6 + Qi)(r6 + sin^ 'yQi] 
and the masses are given in ( p.48|) . Diagonalization of the coupled equations is performed 
as in the case of the fundamental string and gives ( |4.23| ) with 

- (4.27) 

3Qir' 

(r6 + Qi)(r6 + sin^7gi; 



drB{r) = % (4.26) 



Am = , ^ , ^ .2 , V4n2£2 cos^ 7 + 9. (4.28) 
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The differential equations for the {p, q) strings have extra singular points at the roots of 
+ sin^ 7(5i = 0, compared to the case of the fundamental strings. 



4.3 Analysis of the simply solvable theories 

As we mentioned in section 3, it is possible to consider a geodesic for which r is kept on a 
fixed radius r = tq. The Penrose limit along such a geodesic gives the string theory with 
constant mass. The equation of motion (for the Bij = case) 

(^^ + n^-m-i{ro)jipn = (4.29) 

is easily solved by 



ujr,. = \/n^ -mf{ro). (4.30) 



When Bij ^ 0, we can start from the diagonalized equation of the forms ( [4.16| ) and (|4.21|) 
and find similar solutions. 

Quantization of the strings should be performed following the standard procedure. 
(See e.g. ref. 0.) We note here that there are some cases for which m^(ro) > 0. It seems 
that tachyonic states are present in the resulting theories. Whether we can construct 
physically meaningful string theories for such cases is not clear to us at present 

In the near-horizon limit 

r<gr^, (4.31) 

the string theory also becomes simple. The masses in the near-horizon limit for the case 
of the Dp-branes are given in (|]21]), while the relat ion between r and r becomes 



dr ( Qj, 



(4.32) 



dr \Qp-Pr^-Pj 

Firstly, for the case of D3-branes, the masses become constant, as mentioned in section 
2. Next, for p = 5, (|4.32|) states that r is proportional to r, and the masses become 

^1 = ^1 = 



■^Some discussions on the tachyonic mass from the standpoint of the holographic renormahzation group 
are given in ref . . 
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The equations of motion take the form 

(|^ + «^-^)..-0 (4.34) 

where Ci is a constant which can be read off from ( [4.33| ). The equation (^.341 ) can be 

transformed to the Bessel equation (when n 0) 

( (P 1 d z/^ \ , 1 , , 

+ --r-,+^-^]r'~-^^n = ^ (4.35) 



t' dr' r'2 

2 



where r' = nr and = Ci + 1/4. 

For the cases p = 0, 1, 2, 4, we take the hmit 



^'^\^] (p = 0,l,2,4), (4.36) 



in addition to the near- horizon hmit. Then, the second terms in the denominator of (|2.21|) 



can be neglected, and the relation between r and r ([4.32|) become r = r. Note that if we 
take the radial null geodesic (£ = 0), ( |4.36|) is always satisfied. In this limit, the masses 
become 

2 2 2 (7-p)(3-p) , . 

m^ = my=m^ = ^^-^ (4.37) 



and we obtain the equations of motion of the form ( [4.34| ). 



In the appendix, we present a preliminary study for the canonical quantization of the 
string on this kind of plane wave background. Using the solutions of the equation of 
motion as a basis, we construct oscillators and obtain the light-cone Hamiltonian. 

5 Solutions for the fivebrane backgrounds 

In this section, we study string theories on the Penrose limit of the D5-brane, NS5-brane 
and (p, (?) fivebrane solutions. These backgrounds are of particular interest, because we 
can solve the equations of motion of strings in the two regions: near the critical radius, 
and far from the origin. We study the former limit in section 5.1 and the latter limit 
in section 5.2. Furthermore, for a particular component, the equations of motion can be 
solved exactly. In section 5.3, we describe the exact solutions which are written by a 
special function called the spheroidal wave function. 
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5.1 Solutions near the critical radius 



We firstly consider tlie D5-brane case. As discussed in section 4, the equation of motion 
of tlie string leads to the Schrodinger type equation of the form 

(j^ + n^ -m,{Ty^ifn{T) = 0. (5.1) 

Explicit forms of are given by the p = 5 case of ( |2.20| ) : 

2 _ l Q5{Ql-Q,i' + {7Q,-8fy + 6r') 



2 _ i g5(gi-Q5^^-(g5 + 8£V-2r^) 



4 r2(r2 + Q5)3 

The relation between r and r is given from (|2.18|) as 



1 



As we have seen in section 3, if £^ > Q5, the geodesic in the fivebrane background 
stops at a critical radius tq = — Q^. We consider this kind of geodesies here, and 
study the theory near r = Tq. 

Taking the leading term in the expansion of (|5.5| ) around r = ro, we note that the 
relation between r and r becomes 



t r 
dr — , = £arccosh — 



r 

r = ro cosh—. (5.6) 

Now we expand the masses around r = tq and take the leading correction to the constant 
mass 

mKr)=m^{ro) + ^^^{r'-rl). (5.7) 

Substituting this form of mass term and using the relation ( ^.6|) , we find that the equation 
of motion ( p.l|) takes the form of the (modified) Mathieu equation 



-^-h + 29 cosh22j (p^ = 0. (5.^ 
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where z = t/1. The parameters h and 9 are given by 



2 (9r2 



^ = (5.9) 



4 9r 

When evaluated using the mass terms (|5.2|)-(|5.4|), they become 



h^-en^^ ^^^'''l-''^^\ e^9,^g^ (.-d.rect.ons), 



2 2 Q5(32£4-29Q5^2 + 9Q2) ^_ Q5(20£4 _ 25Q5^' + QQ^^ 



(y-directions), 
(5.10) 

Next we consider the NS5-branes. The equations of motion in the x- and ^-directions 
are given by and the ones for the y-directions are 

(dl + - ruyirf ± n9,5(r))^(f ^ = 0. (5.11) 

The relation between r and r is 

dr _ r^ + Qs 
dr ~ r^r'^Q^-^'' 

which leads to 



(5.12) 



r = To cosh-^ (5.13) 



in the r — Tq limit. Expanding the masses and d^B in ( p. 27] ) and ( [4.15|) around r = Tq 



and substituting them into the equations of motion, we obtain the modified Mathieu 
equation (|5.8| ) with parameters: 



tn' g5(6^^-8Q5^' + 3g^T2nf3(2^=^-Q5)) Q^{^e ~ 'iQ,,Tlne) 

rl i^rl ' 2£4 



for yj^^^ (y-directions) 



, Q5(4£2-3Q5) , Q5(2£2-3Q5) 



/i = — ^ + ^3 , Q = ^ (^-direction) (5.14) 
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Since = 0, the equations in the x-directions are the same as the ones for the flat space. 
The equations of motion for the {p, q) fivebrane case can be brought to the modified 
Mathieu equation, following the same steps as above. 

The solutions to the equations of motion is given by the Mathieu functions. Since the 
theory which we are considering is an approximation around a point in the spacetime, it 
is not clear what kind of boundary conditions should be imposed on the solutions, as it 
stands. It would be interesting to study the solutions which match the ones in the r — ^ oo 
region which are given in the next subsection. It should enable us to investigate the whole 
region of the geodesic. This problem will be discussed elsewhere. 



5.2 Asymptotic solutions at infinity 

We shall now study the r — oo limit. First consider the D5-brane example. As we see 
from (|2.20|) , the mass terms for all the directions are proportional to asymptotically 



(5.15) 



where the constant C2 is given by 
3 

C2 = -jQb (x-directions). 



Co 



1 



Q5 {y- and z-directions) 



(5.16) 



Moreover, we have r = r, as we can see from the r — ^ 00 limit of ( |2.18| ). 

By using a; = = as the independent variable, the equation of motion ( |5.1| ) reads 

/ (i2 ^ 1 ^ ^2 ^ C2 \ _ Q 
y dx^ 2x dx Ax Ax^ ) 

This differential equation has two irregular singular points at x = and x = 00. This 

equation is transformed to the standard form [35 by the redefinitions ipn = ^~^^'^^n and 

z = nx/ \fC'2. 



,d^ 

dz' 



d 



1 



where 



dz 



4' 



0, 



By the substitution z = e^™, (|5.18| ) becomes the Mathieu equation |^| 



dw' 



+ h — 29 cos 2w ] ipri 



0. 



(5.18) 
(5.19) 

(5.20) 
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For the cases of the NS5-branes or the {p, q) fivebranes, the discussion is essentially 
the same. Asymptotic behaviors of the masses and for the (p, q) fivebranes are 
given by ( |5.15| ) with 

3 ~ 1 ~ 

C2 = -sin^7Q5 (x-directions) , C2 = — -(1 + 3 cos^ 7)(55 (z-directions). (5.21) 

The differential equations for these directions are brought to the Mathieu equations with 
the C2 defined above. 

We also note that the asymptotic forms of and drB are 



2 . (l + 3cos^7)g5 2£cos7Q5 

y 2r4 ' ^ ^ ■ ^ ' 



The equations of motion for Lf^^^ in the ?/-directions are given by replacing rriy with 
rriy =p ndrB. In this case, we obtain the Mathieu equations with 

C2 = "2^"'' ~^ 3cos^7)(55 ± 2n£ cos 7(55 for ip\^'' (y-directions). (5.23) 

The NS5-brane case is given by setting cos 7 = 1 (and replacing with Qs) in the above 
expressions. 

5.3 Exact solutions 

For the equation of motion in the y-directions, we can find the exact solutions. First, we 
consider the D5-brane case. The equation of motion is given by ( [4.9| )-( OT ) with in 



and Q{r) in (p.5[). With the substitution V9„(x) = f{x)(j)n{x), "we obtain 

/ rf2 d \ 

— + p{x)— + q{x) <PM = 0, (5.24) 
yax^ ax J 

where 

2f'{x) 



p{x) = p{x) + 



f'(x) f"(x) 
q{x) = ^(^) + 7^P(^) + (5-25) 

Since p{x) and q{x) have the singular points at a; = 0, —Q5 and —Q5 + we will use 
f(x) = x'^ix + Q^yix + Q^-f)^. Then q{x) takes the form qiix) / {x^{x + Q^fix + Q5 - 
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where qi{x) is the fifth order polynomial in x. We choose the exponents 7) 
such that qi{x) = for x = 0, —Q5 and —Q5 + P. These conditions determine the 
exponents as follows: 



a 

7 



1 1 
a+ = - ± - 
4 2 

1 5 

4' 4' 



(5.26) 



The choice (a,/3,7) = ^ 0) takes the functions and q{x) into simpler forms: 



p{x) 



q{x) 



I + 2a^ 

X 



+ 



X + Q5 



WQA^^~ Qs) + + - Q5) + ^'(^' - Q^)x 
4 



(5.27) 



a;(x + Q5-^2)(^'-Q5) 
We notice that the present form of the differential equation ( |5.24| ) with ( |5.27| ) is nothing 
but the associated Mathieu equation In fact, by the substitution x = (Qs — £^)(z — 1), 
we get 

d'^(j)n ( I l-r \ d^n a + k'^z 

+ < - H r > — — —(Pn = 0, 



where 



r 

e 

a 



z z — 1 \ dz Aziz — 11 



- - 2a, 
2 ^ 



(5.2^ 



(5.29) 
(5.30) 



It is known that the associated Mathieu equation ( 5.28| ) is equivalent to the differential 
equation for the spheroidal wave function |3^ by the transformation w = z^ and (pn = 
(l-^')^/n: 



d'fn 



dfn 



(1 -w')^- 2w^ + A + 46(1 - w 



dw 



dw 



1-^2 



/n = 0, 



(5.31) 



where 



a + r(r - 1) + A;^ = -n^Qs 
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e 



(5.32) 



The regular singular points x = i'^ — and x = correspond to w = and w = ±1, 
respectively. The irregular singular point at x = oo corresponds to w = oo. 



The spheroidal wave function with order /i has been investigated in refs. ^ . With 
the replacement ( = 26^/'^w, ( p.31| ) becomes 



(C^-4^)^ + 2C%+fc^-A-4e--^Vn = 0. 



(5.33) 



In the ^ = limit, we obtain the Bessel equation which have two independent solutions: 



TX 



2C. 



1/2 



TT 

,2C, 



1/2 



(5.34) 



where A = z/(z/ + 1). Ji/+i/2(C) is the Bessel function and yjy+i/2(C) is the Neumann 
function. One may also introduce the Hankel functions by 



TT 



1/2 



(2) 



TT 



1/2 



^Si(C). (5.35) 



The spheroidal wave functions are given by the expansions of the form 

oo 

s^^^=\w,e) = {i-w'^r^/h^M E <^Mi'%,.{2e'/'w), (j = 1,2,3,4) (5.36) 

r=— 00 

where s^(^) is a normalization constant and ayj.{9) obey a recursion relation: 

{v + 2r-^i){v + 2r-^l-l) (;/ + 2r + + 2)(z/ + 2r + + 1) 

(z/ + 2r-3/2)(z/ + 2r- 1/2) '^''^-'^ ^ (z/ + 2r + 3/2)(z/ + 2r + 5/2) ''"-''"+1^''^ 



+ 



A-(i/ + 2r)(z/ + 2r + l) + 



(z/ + 2r)(t/ + 2r + 1) _ i 
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a^(e) = (5.37) 



(z/ + 2r- l/2)(z/ + 2r + 3/2) 

Asymptotic behavior of S^^^ as w — > oo has been determined by Meixner p7| , |38[] . If 
we choose the normalization factor s(^(^) as 

1 



E 



oo / 
r=— CO \ 



-l)'-a(^,.(^)^ 



(5.38) 
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the asymptotic forms may be written as 

Si^''^\w,e) ^^l^\2e^/^w), w^oo, (j = 1,2,3,4) (5.39) 

where \a,ig{9^^'^w)\ < n. In particular, using the asymptotic expansion of the Hankel 
functions -f^,^+i/2 — 1)2), the asymptotic expansions of Si^^^^iw,9) and Si^^^\w,9) for 
large \w\ are given by 

St^'-^Uw, 9) = ^_e^(2e''"— -/2-.r/2) ^ 0{\w\-^)] , W ^ OO, -IT < s.ig{9^'^w) < 27r 
^M4)(y,^^) = ^_g-i(2eV2^_.V2-V2) h + 0(|M;r^)l , w ^ oo, -27r < argf^^/^^) < vr. 

(5.40) 

Let us go back to the equation ( |5.1|) in the y-direction. We are interested in the two 
solutions v^n(T) and (^_„(r) whose asymptotic behaviors for r — cxo take the form 

(p.n{T) ~ e-*"^ (5.41) 



Since 9 = ^n^{Q^-P)/2 and w = (l + . we find 



29^'^w = ^n\x - £2 + Q^) ^ |n|r, (r ^ oo) (5.42) 

where we have used x = ~ as r ^ oo. Therefore using the spheroidal wave functions 
Si^^^\w,9) and Si^^^\w,9), we express the solutions of (|5.1|) as 



. A^x'/\x + Q.y/'Sii^^K^n'ix - £2 + Q^), ^) (^>o), 

o9„ r = 09„ r = < , , , ^ 5.43 

^ Alx'/\x + Q,y^^Si^^''\^n^{x - £2 + g^), ^) (n<0) ' 

where 

Similar analysis can be done in the case of the {p, q) fivebranes as well as the NS5- 
branes. The string equation of motion in the y-directions are given by 

(d^ + - my{rY ± r2a^5(r)) v?!^) = (5.45) 



where m2(r) is in ( ^.41[ ) and drBij) is in ( |4.19| ). As in the case of the D5 branes, we 



change variable r into x = r'^ and '{>^\t) = f{x)(l)l^\x), where f{x) = x"{x + Q5)^(a; + 
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Qs — i'^Y{x + Q5 cos^ 7)''. The choice of the exponents (a, (3, 6, rj) = {a^+ \ j, 0, j) simphfy 



the differential equation ( |5.45| ), where 

(±) _ 1 £ =F riQ^ cos 7 



Q5 



(5.46) 



(f)^\x) satisfy the equation (|5.24| ) with 



q{x) 



l + 2a 



X 



(±) 



+ 



x + Q^ 
1 



(5.47) 



Ax{x + Qr> - P W ~ 
±2n(55^cos7 — 



■{n^QfXQb - - cos 



2 ^Ji2\ 



Q^{(.TnQ^cos-i)-n\e -QM. (5.48 



This differential equation also becomes the associated Mathieu equation (|5.28| ) by the 
change of the variables x = (Qs — ^^)(-2 — 1), where 

(±) _ iTnQr, cos J 



-2a 



— ^(n'^'(Q5 -i^- Q5COS27) -f± 2nQ5^cos7 



r 
a 

- - Q5(^ T COS 7)) . (5.49) 

By the transformation w = z^^"^ and (j)^^"^ = (1 — w'^Y^'^ f'^\ we obtain the differential 
equation for the spheroidal wave functions (|5.31| ) with parameters 

A = -n2Q5(l + cos^7), 



=F nQ^ cos 7 



(5.50) 



By using the spheroidal wave function Sl^^^\w,9) with A = z/(z/ + 1), we may solve the 
wave functions f^^T) and (^^^(r) with asymptotic behavior ( |5.41| ). These are expressed 



as 
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An{x + Q,f'\x + Qs cos^ iY/^S^,^^\ ^n''{x - + Qs) , ^) > 0), 

(5.51) 

where the constant An is the same as ( |5.44|) . 

The solution at w = corresponds to the theory at the critical radius. The expansion 
of the spheroidal wave functions in the region |w ± 1| < 2 are written in terms of the 
Legendre polynomials [0, |3^ , but in this paper, we do not discuss this expansion. 



6 Conclusions and discussion 

In this paper, we have studied string theories on the Penrose limit of various brane so- 
lutions of type II supergravity. Firstly, we obtained the plane wave geometry for the 
Dp-brane, NS and (p, q) fivebrane, fundamental and (p, q) string solutions, not restricting 
ourselves to the near- horizon limit. We have thoroughly investigated the equations of 
motion of the light-cone bosonic string on these backgrounds, which have time-dependent 
masses. 

We have found several types of the solutions. The simplest class of the solutions are 
given when the masses become constant. These arise when we consider the Penrose limit 
along a geodesic which stays at a fixed radius. We have analyzed the condition for the 
existence of this kind of geodesies, and gave the formula for the mass terms. In the near- 
horizon limit, we have various examples in which the equations of motion can be solved by 
the Bessel functions. We presented a preliminary analysis for the canonical quantization 
of the string for the latter case. 

We found non-trivial solutions for the case of fivebrane backgrounds. Firstly, the 
equations of motion can be solved by the Mathieu functions in the region near the critical 
radius (the point on the geodesic which is nearest to the origin). In the asymptotic region 
at infinity, we found solutions also in terms of the Mathieu functions. Furthermore, for a 
particular component, exact solutions exist which is written by using the spheroidal wave 
functions. The above solutions exist for the fivebranes with general {p,q). 

For physical applications, it is important to extend our analysis to the fermionic sector 
of the superstring. Green-Schwarz action for the superstring can be written in arbitrary 
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background in principle |3^. It is a non-trivial question whether the equation of motion 
for fermionic sectors derived from that action can be solved as we have done for the 
bosonic sectors. It is also interesting to attempt a study in the NSR formalism. In some 
of our plane wave backgrounds (for NS branes, or for the case of radial null geodesies), RR 
backgrounds are not present. For these cases, the latter formalism may be more useful. 

Most interesting problem for the future study is the quantization of the string on 
the plane wave backgrounds for the brane solutions. As discussed briefly in the appendix, 
performing the mode expansion using the solutions of the equations of motion as the basis, 
and following the procedure of the canonical quantization, we can obtain the oscillators 
and construct the Fock space. For time-dependent plane wave backgrounds, such states 
do not diagonalize the light-cone Hamiltonian in general. In other words, an asymptotic 
state will evolve into another due to the influence of the brane background. For the 
fivebrane backgrounds we can cover the whole region of the geodesies either by matching 
the solutions obtained in the two limits, or by using the exact solution. It should enable 
us to study the scattering or absorption of string states by the fivebranes. We hope to 
report progress in this direction in a future publication. 

It would also be interesting to apply our results to the holographic correspondence 
with gauge theories. As mentioned in the introduction, six-dimensional gauge theory is 
investigated from the perspective of the Penrose limit of the NS5-brane background ||^, . 
The results of this paper such as the classification of the geodesies and the exact solutions 
for the fivebrane backgrounds may give further information on the gauge theory. 

Holographic dualities for general (dilatonic) Dp-branes have been proposed by Itzhaki 
et.al. ||26|, but they are less understood than the AdS^/CFT^^ correspondence. There 
are few quantitative studies on those dualities. (See refs. |^ ^ for such an attempt 
for the case of the DO-branes.) It would be nice if it is possible to calculate the gauge 
theory correlators from string theory on the Penrose limit of the brane backgrounds. Our 
solution of the string equations of motion in the near-horizon limit of Dp-branes (with 
p < 4) may be helpful in this regard. We have found the solutions taking an additional 
limit ( [1.36| ), but further analysis without that restriction would be important. 

Holographic renormalization group for nonconformal field theories is also an interesting 
subject for future studies. Analysis of the holographic RG for the pp-wave backgrounds 
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has been done in refs. [0, |T5|, |T6[, where the radial coordinate plays the role of the scale of 
the dual gauge theories. It is an interesting question how to interpret the string theories 
on the critical radius in this context. 
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Appendix: Mode expansion using the Hankel func- 
tions 

In this appendix, we give a preliminary analysis for the canonical quantization of the 
string on a particular plane wave background. We expand X* using the solutions of the 
equations of motion as the basis and impose the canonical commutation relation. We 
demonstrate that we can construct the oscillators, and present the form of the light-cone 
Hamiltonian. 

Consider the string equation of motion of the form 

(^ + "^-^)^— (A-l) 

This equation is obtained when we study the near-horizon limit of various branes, as we 
have seen in section 4.3. The constant Ci depends on the model. We shall solve (|A.1|) 
with the following boundary condition for r ^ oo: 

Mr) ^ e^"^ <^-n(r) ^ e~'^\ (A.2) 

Note that ( |A.l] ) approaches the equation of motion in the fiat background asymptotically 
(as r — s> oo). The above boundary condition is the one which match the mode expansion 
in the flat background^ 

The solutions for the non-zero modes are given by 

/ yfe^('^+i)-(nr)lif«(nr) {n > 0) 

Mr) - Mr) - I ^e-i(^+^)-(-nr)li7(2)(-nr) (n < 0) ^"^'^^ 

Since the present theory is obtained by taking the near- horizon hmit and is not valid for r oo (or 
T ^ oo), whether we should choose this boundary condition is not clear. 
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where = Ci + 1/A and Hj)^^ and H^^^ are the Hankel functions which are related to the 
Bessel functions of the first kind J^, and the second kind by 

Hi'\x) = Mx) + tY,{x), Hl^\x) = Mx) - %Y,{x). 

The two independent solutions for the zero-modes are 

<^o = r'^+^ v5o = r-'^+^. (A.4) 

We perform the quantization of the string using the solutions found above as the basis 
functions. Remember that X* is given as 

n 

The reality condition for X* leads to 

ai,^ = = al^, (A.5) 

where we have used H^^^*(x) = H^'^\x) for a real x. 

Now we impose the canonical commutation relation for X* 

[X\t, a), drX'{T, a')] = -i2na'S'^{a - a'). (A.6) 

This implies the following commutation relations for the oscillators 

K,«o] = ^S'^. (A.7) 

where commutators among other components are zero. The consistency between (|A.6|) 
and (|A.7|) is guaranteed by the following equation (for the non-zero mode part) 



(Pndr(p-n " ^-ndr^n = V^n^rV^-n " ^-ndr^n (A. 8) 



nriT 



(nr)] = —2m 



2 

where the last equality is due to the Lommel's formula for the Hankel functions. 
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Note that 

(Pndr(P-n " ^-ndr^n = '^Ul (A. 9) 

is the Wronskian of the two independent solutions and of ( [A.l| ). We can easily 
prove that the Wronskian for our differential equation is r- independent, by taking its 
derivative and using (|A.1|) . Thus, (|A.9|) is given by the value evaluated at r — > oo, which 



is the r.h.s. of that equation. Moreover, the Wronskian for a differential equation of the 
form ([4.6| ) is independent of r for arbitrary mfij). Thus, if we consider an equation with 
mf{T) as r ^ oo, and if we take the solutions with the boundary condition ( [A.2| ), 



the value of the Wronskian agrees with (|A.9| ). This fact suggests that we can get the 



commutation relations for the oscillators (|A.7|) from the canonical commutation relation 



for those generic plane wave backgrounds. 



The light-cone Hamiltonian for the model of (|A.1| ) is given by 



Substituting the mode expansion, we obtain 

1 / C 

C 



(J \ 
+2{dr^ndr^n + (^^ + ^)</?„<^„Xaj, j . (A.ll) 



The Hamiltonian is time dependent, and especially, it does not commute with the number 
operator. The first two terms conserve the particle number, but the last term does 
not. Note that the case of the flat background is given by substituting Ci = and 
V^n = = e*""^ into ( [A. 111 ). In this case, the last term of ( |A.11| ) vanish, but for the 



time-dependent plane wave backgrounds, that term should be present in general. 
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